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Abstract

Let X be a projective, equidimensional Cohen—Macaulay scheme of dimension d over a
field k, and let wx be a dualizing sheaf. The purpose of this report is to explain why the
degree-d representing property of wy extends functorially to all Ext groups:

Ext’ (F,wx) ~ HI7H(X, F)Y

for every coherent sheaf F and every i > 0, with the convention that H?(X,F) = 0 for
q < 0. Choose a projective embedding i : X < PY. The proof is organized through its
dualizing complex

Taw RHomp x (1.0x, kaN)[N].

Projective-space duality gives the derived adjunction, while the Cohen—Macaulay condition
implies the concentration w% =~ wx[d]. For a local complete intersection the Koszul
resolution computes the unique cohomology sheaf and yields

wx ~ kaN|X ® det(Z/7°)V.

The smooth formula wy =~ /\d Qx/i follows by taking determinants in the conormal
sequence.
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1 From the dualizing sheaf to full Serre duality
Let k be a field, let X be a projective scheme of pure dimension d, and write
f: X — Speck

for the structure morphism. A dualizing sheaf on X is a coherent sheaf wx together with
functorial isomorphisms
Homx (F,wx) — HY(X, F)Y (1)

for all coherent sheaves F. Equivalently, it represents the contravariant functor F +— H¢(X, F)V.
Every projective scheme over a field admits such a sheaf; see [2, Chapter III, Proposition 7.5]
and [6, Tag OFVV].

The problem is therefore not the existence of a degree-d representing object. It is to determine
when the same sheaf controls all higher Ext groups. For a projective Cohen—Macaulay scheme
the desired statement, for a coherent sheaf F and ¢ > 0, is

Exté((}",wx) sz_i(X,}")V. (2)

Here and below, negative-degree sheaf cohomology is understood to be zero.
The precise statement, including the description of the perfect pairing, is given and proved
in Section 6.

2 Derived categories and projective-space duality

The construction of Ext, sheaf Ext, and their long exact sequences will be used without
repetition; see [2, Chapter III, Section 6], [7, Sections 10.4 and 10.7], and [6, Tags 06XP and
0SDH].

Definition 2.1 (Complexes and derived categories). Let Y be a noetherian scheme, and let
Mod(Oy) denote the abelian category of sheaves of Oy-modules. A cochain compler K*® in
this category is a sequence
SN S NN N U L ()

Its n-th cohomology sheaf is H"(K*®) = ker(d™)/im(d"~!). A morphism of complexes f : K* —
L*® is a family of maps f™: K™ — L" for which, for every n, f"*lod% = d? o f™.

Such a morphism is a quasi-isomorphism if each induced map H™(f): H"(K*®) — H™(L®)
is an isomorphism. Write K(Oy) for the homotopy category: its objects are complexes and its

morphisms are morphisms of complexes modulo chain homotopy. Explicitly, two morphisms
f,g: K®* — L*® are homotopic if there are maps h" : K™ — L™~! such that

fr—g" =dy R R for every n.
If @ is the class of quasi-isomorphisms, the derived category is the localization
D(Oy) := K(Oy)[Q"].

In particular, a quasi-isomorphism becomes an isomorphism in D(Oy).
The full subcategories D*(Oy) and D?(Oy) consist respectively of those K € D(Oy) for
which H"(K) = 0 for n < 0, and those for which H™(K') = 0 for all but finitely many n. Then

D(‘;C(Y) = {K € DT(Oy) : H"(K) is quasi-coherent for every n}



and
Db, (V) := {K € D’(Oy) : H"(K) is coherent for every n}.

These are conditions on the cohomology sheaves, not on the terms of a chosen representative.
Since Y is noetherian, a quasi-coherent sheaf is coherent if and only if its module on every
affine open is finitely generated. See [6, Tag 01XY].

We use the cohomological shift convention

Km) = K™, iy = (~1)"det.
Thus a sheaf M placed in degree zero has its only nonzero cohomology sheaf in M[m] in degree
—m.

Definition 2.2 (Internal and global derived Hom). For complexes K*®, L*® of Oy-modules,
their internal Hom complex is defined by

Homy(K*, L*) == [[ Homo, (KP, LPT™),
pEZ

with differential

dlp) =drop—(-1)"podx  (p of degree n).
For K,L € D(Oy), first choose complexes K*® and L® representing them. A K-injective
resolution of L® consists of a complex I*®* and a morphism of complexes

v L — I°

satisfying two separate conditions. First, ¢ is a quasi-isomorphism, thus it becomes an isomor-
phism in D(Qy), so I*® is another representative of the object L. Second, I* is K-injective,
meaning that

Hom$, (A®, I°) := T'(Y, Homy (A®,I*))

is acyclic for every acyclic complex A®. This second condition is what permits derived Hom
into L to be computed using ordinary Hom into I°®. The internal derived Hom is therefore

RHomy (K, L) := Hom3(K*,I*) in D(Oy).

This object is independent, up to a unique functorial isomorphism, of the chosen representatives.
Equivalently, it is characterized by the natural derived tensor—-Hom adjunction

Homp o,y (A, RHomy (K, L)) ~ Homp o, (A ®8,, K, L).
The global derived Hom is the derived global-sections complex
RHomy (K, L) := RI'(Y, RHomy (K, L)).

When Y is a k-scheme, as throughout this report, it is naturally an object of D(k). If K* is
chosen K-flat, meaning that tensoring it with any acyclic complex produces an acyclic complex,
and I*® is K-injective, then Homs$ (K*®, I*) is K-injective. Consequently, ordinary global sections
compute its derived global sections, and the global derived Hom is represented by the ordinary
Hom complex

Homy3 (K*,I°) = I'(Y, Homy (K*,1°%)).

For every n € Z there are canonical identifications
H"RHomy (K, L) = &ty (K, L), H"RHomy (K, L) = Homp o, (K, L[n]).

See [6, Tags 08DH and 0B6A]. By contrast, Homy (F,G) denotes ordinary morphisms when
both arguments are sheaves.



Proposition 2.3 (Ext and cohomology as derived morphisms). For coherent sheaves F,G on
a noetherian k-scheme Y and i > 0, there are canonical isomorphisms

Exti (F,G) ~ Hompy (4 (F, i)
and '

H'(Y, F) ~ Hongc(y)(OYa}-[i])-
Proof. By the definition of Ext in a derived category,

Ext}(F,G) = Hompo,(F, Gi]);

see [7, Section 10.7] and [6, Tags 06XQ and 06XP]. Both objects lie in the full subcategory
D{.(Y'), so the Hom group may be computed there. For the second assertion, the equality of left
exact functors I'(Y, —) = Homp, (Oy, —) gives a canonical isomorphism of their right-derived
functors

RI(Y,—) — RHomy (Oy, —) in D(k).
Taking degree-i cohomology and using Definition 2.2 gives
HYY,F) = HRI(Y, F)
~ H'RHomy (Oy, F)
= Homp o, (Oy, Fli])
= HomD;[C(Y)(OY’ Fli]).
O

Lemma 2.4 (Duality over a field). Let C € D®(k) have finite-dimensional cohomology. For
every j € Z there is a natural isomorphism

Homp ) (C, k[j]) ~ HI (C)Y.

Proof. Since k is a field, the functor Homy(—, k) is exact. Hence RHomy(C, k) is represented
by the dual complex

CV := Hom}(C, k),  (CV) =Homy(C7, k).
Exactness also implies that dualization commutes with taking cohomology. Therefore

Homp ) (C, k[j]) = H°(RHomy,(C, k[4]))
~ H’(RHomy(C, k))
_ i)
~ Homy, (H*j(C), k) =H(C)".

Every map in this calculation is canonical and compatible with morphisms C' — C’; hence the
resulting isomorphism is natural in C. See [7, Sections 10.4 and 10.7]. ]

Lemma 2.5 (Extension from sheaves to bounded coherent complexes). Let Y be noetherian,

and let (T9)jez and (S7) ez be contravariant cohomological functors on Db, (Y). Suppose

v T = S, jEeTZ,

is a morphism of cohomological functors: each V7 is natural, and the maps 7 commute with
the connecting morphisms in the long exact sequences associated with distinguished triangles. If
1/5E s an isomorphism for every coherent sheaf F placed in degree zero and every j € Z, then
I/é is an isomorphism for every G € D?_ (Y) and every j € Z.

coh



Proof. Proceed by induction on the number of nonzero cohomology sheaves of G. Choose the
largest integer n for which H"(G) # 0. The standard truncation triangle

TgnflG — Gd — Hn(G)[—TL] — TgnflG[l]

expresses G in terms of a complex with one fewer nonzero cohomology sheaf and a shifted
coherent sheaf. Compatibility of v* with the connecting morphisms gives a morphism between
the two associated long exact sequences. By induction, the vertical maps for 7<,_1G are
isomorphisms. The maps for H"(G)[—n] are also isomorphisms, because a shift only reindexes
the cohomological degree and H™(G) is coherent. The five lemma now shows that v, is an
isomorphism for every j. O

Theorem 2.6 (Projective-space duality in derived form). Let p: P = Pfcv — Speck. For every
G € Db, (P) and every j € Z, there is a functorial isomorphism

coh
Hoszoh(P)(G,wP[N + j1) ~ Homp ) (RI(P, G), k[4]). (3)

Proof. For G € Db, (P), set

coh

T(G) = Homp, (p)(G,wp[N +j]),  S§7(G) = Homp, (RT (P, G), klj]).
Projective-space duality supplies a trace morphism
Trp : RT'(P,wp[N]) — k
whose map on degree-zero cohomology is the classical trace HY (P,wp) — k. For
a:G — wp[N +j],
apply RI'(P, —) and then compose with the shifted trace:

RI'(a)

RI(P,G) 2% RT(P,wp[N + j]) = RT(P,wp[N])[j] =2,

k(5]
Define
né(a) := Trp[j] o RT'(a).
This construction is natural in G. Moreover, because RI'(P, —) is a triangulated functor and
composition with the fixed morphism Trp[j] respects shifts, the family

W T = &7
is compatible with the connecting morphisms; it is therefore a morphism of cohomological
functors in the sense of Lemma 2.5. See [6, Tag 071J] for the fact that derived global sections
is an exact functor of derived categories, and [6, Tags 014V and 0149] for compatibility with
shifts and the cohomologicality of representable Hom functors.

Suppose that G'= G is a coherent sheaf placed in degree zero. If j > —N, then N +j > 0,
and njg is precisely the classical Serre-duality morphism

ExtN (G, wp) — HI(P,G)".

Under Lemma 2.4, its target is S7(G), and classical projective-space duality says that it is an
isomorphism; see [2, Chapter III, Theorem 7.1].
If j < —N, then N 4 j < 0, so the standard t-structure gives

T7(G) = Hompo,,) (G, wp[N +j]) = 0.
On the other hand, —j > N = dim P, so Grothendieck vanishing gives H ~I(P,G) = 0; see [2,

Chapter III, Theorem 2.7]. Hence S7(G) = 0 by Lemma 2.4. Thus 1% is an isomorphism for

every j € Z. Lemma 2.5 now implies that 7}, is an isomorphism for every G € Db, (P) and

every j € Z, proving (3). O



Remark 2.7 (Adjunction and Neeman’s calculation). Grothendieck duality provides a right
adjoint p* to Rp, on the unbounded quasi-coherent derived category. The standard projective-
space calculation identifies its value at k as

p*k ~ wp[N].
Thus Theorem 2.6 is the restriction to bounded coherent complexes of the adjunction

Hompy = (p) (G, p*k[j]) ~ Homp ) (Rp. G, k[j]).

This is the mechanism isolated in [5, Section 3.3]; the geometric calculation of p*k is supplied
here by projective-space duality.

3 The dualizing complex of a projective scheme

Let X be a projective scheme over k, and fix a closed immersion
i: X P=Pp.

Definition 3.1 (Exceptional inverse image for a closed immersion). For an Op-module M,
define
P M =i Homo, (i.Ox, M).

The i,0x-action on the sheaf Hom, given by precomposition, makes i’ M an Ox-module. The
functor
i : Mod(Op) — Mod(Ox)

is left exact and right adjoint to the exact functor i.. Its right-derived functor is the exceptional
inverse image

i' := R#’ : D(Op) — D(Ox).
Thus, if G — J*® is a K-injective resolution, then
‘G~
Equivalently, after applying the fully faithful functor ., there is a canonical isomorphism
ixi'G ~ RHomp(i,Ox, Q).

If G € D{.(P), then i'G € D{.(X). More concretely, let U = Spec R C P and X NU = Spec 4,
where A = R/I. Under the affine equivalences for quasi-coherent complexes, (i'G)|spec 4

corresponds to
RHompg(A4,Gy) € DT(A),

where Gy € DT (R) corresponds to G|y and the A-module structure on the derived Hom is
induced by the first argument.

This is the closed-immersion case of Grothendieck duality; see [6, Tags 0A76, 0A78, and
0A9X], and [3, Equation (4.9.4.1)].

Proposition 3.2 (Derived adjunction for a closed immersion). For F € D2, (X) and G €
D{.(P) there are functorial isomorphisms

i»RHomx (F,i'G) ~ RHomp (i, F, Q) (4)

and
RHomx (F,i'G) ~ RHomp (i, F, Q). (5)

In particular, on this range i' is right adjoint to the exact functor is.



Proof. By Definition 3.1, the underived functor i’ is right adjoint to i,. Since i, is exact for a
closed immersion, deriving this adjunction gives Ri, = 7, and

HOIDD(OX)(F, l'G) ~ HOHlD(OP) (Z*F, G)

The same argument at the level of Hom complexes proves the stronger internal isomorphism
(4): if J is a K-injective representative of G, then *J is K-injective on X, and the ordinary
adjunction gives an isomorphism of sheaf Hom complexes

i HomS (F,7J) =~ Homp (i, F, J).

Applying derived global sections gives (5). See [6, Tags 0A75, 0A76, and 0E2I] and [3, Corollary
4.4.2].

For comparison, on an affine open the assertion is the following derived tensor-Hom

adjunction. If A= R/I, M € D(A), and J € D(R), then
RHom 4 (M, RHompg(A4, J)) ~ RHompg (M, J).

Here the right-hand side regards M as an R-complex. Finally, [6, Tag 0A9X] shows that this
adjunction restricts to the stated bounded-below quasi-coherent range. O

Definition 3.3 (Projective dualizing complex). The dualizing complex attached to the embed-
ding i is
w =i (wp[N]) € D(Ox). (6)
Equivalently,
ixwyx ~ RHomp(i.Ox,wp)[N].

To justify the asserted boundedness and coherence, note that P is regular and ¢,.Ox
has bounded coherent cohomology, hence is perfect on P; see [6, Tag OFDC]. Therefore
RHomp(i.Ox,wp) has bounded coherent cohomology, and the same is true after viewing it on
X exact pushforward along a closed immersion identifies coherent sheaves on X with coherent
sheaves on P annihilated by the ideal of X; see [6, Tag 01XY].

b
coh

Theorem 3.4 (Derived duality for a projective scheme). For every F € D
J € Z, there is a functorial isomorphism

(X) and every

Homyy, (x)(F,w L) = Homp (RL(X, F), klj)). ()
In particular, for a coherent sheaf F,
Hompy, (x)(F wi[j]) = H7 (X, F)".
If two projective embeddings are chosen, the resulting dualizing complexes are canonically
isomorphic: there is a unique isomorphism compatible with the displayed duality isomorphisms.
Proof. By Definition 3.3, the fact that i' commutes with shifts, Definition 2.2, and Proposition
3.2, we have
Hompy, x) (Fiwk[j]) = Homp(o (£, & (wp[N]) )
~ HomD(OX)(F,i!(wp[N + 7))
= H°RHomy (F,i'(wp[N + j]))
~ H'RHomp (i F,wp[N + j])
= Homp o, (i« F,wp[N + j])
= Homp, (p) (i F,wp[N + j])
~ Homp ) (RT (P, i F), k[j]).



A closed immersion has exact pushforward, and I'(P,i.(—)) = I'(X, —). Deriving this equality
gives RI'(P,i,F) ~ RI'(X, F). Consequently,

Hompy,) (RL(P, i), k[j]) ~ Homp ) (RT(X, F), k[]).

See [2, Chapter III, Exercise 4.1] or [6, Tag 01XC]. This proves (7).

If F = F is a coherent sheaf, then RI'(X, F) is a bounded complex with finite-dimensional
cohomology. Lemma 2.4 therefore gives the stated identification with H =7 (X, F)V.

If two projective embeddings produce complexes D and D’, the preceding formula with
j = 0 identifies both as representing objects for the functor

®(F) = Hompy, (RI(X, F), k) (F € Dcoh(X)).

The Yoneda lemma gives a unique isomorphism D ~ D’ compatible with these representing
isomorphisms. This proves precisely the asserted embedding independence; the compatibility
requirement is essential for uniqueness. O

Remark 3.5 (Intrinsic interpretation via exceptional inverse image). Let p : P — Speck be the
structure morphism and let f =poi: X — Speck:

X—"'" 5P

b

Spec k.

We explain separately the intrinsic meaning of w$ and its description by internal derived Hom.

For a proper morphism ¢ : ¥ — Z in the range considered here, Grothendieck duality
provides an exceptional inverse image ¢', which agrees with the right adjoint ¢* of derived
pushforward. Thus it is characterized by functorial isomorphisms

Homp o, (A, g!B) ~ Homp (o) (Rg«A, B).

For the existence of this right adjoint, see [6, Tag 0A9E]. For the structure morphism p : P —
Spec k, the projective-space calculation of the preceding section is

p'k ~ wp[N].
Equivalently, wp[N] represents the restriction to D2, (P) of the functor

The intrinsic dualizing complex of X is, by definition, f'k; this definition does not mention
a projective embedding. Transitivity of exceptional inverse image for the composite f =poi
gives a natural isomorphism of functors [6, Tag 0ATX]:

(poi)! ~ g op!.

Evaluating it at k£ and then using projective-space duality gives



Thus the embedding-dependent expression in Definition 3.3 is canonically isomorphic to the
intrinsic object f'k.

We next derive the internal-Hom formula. Apply the internal adjunction (4) with F' = Ox
and G = wp[N]. It gives

iwk = i RHomx (Ox,i'(wp[N]))
~ R%mP(i*OXa WP[ND
~ R/}'[DmP(i*OXa WP)[N]'

Here the first equality uses RHomyx(Ox, M) ~ M, while the last isomorphism uses the
compatibility of derived Hom with shifts in its second variable. Hence

iwwk ~ RHomp(i.0x,wp)[N]. | (8)

This formula is therefore not an independent computation: it is the result of projective-space
duality, transitivity of (=)', and the closed-immersion adjunction i, = 4'.
Under the canonical identification w$ ~ f 'k, derived duality is precisely the adjunction
HomDSOh(X)(F, wk[j]) ~ Homyyp

o0 (B L))
~ HomD(k)(Rf*R k[4])
= HomD(k)(RF(Xa F)v k[]])

Here we used Rf,F = RI'(X, F) and the compatibility of f' with shifts. In the notation f*
for the right adjoint of Rf,, one has f' = f* on the present range. If X is smooth and proper
of dimension d, the geometric identification f*k ~ Qg( /k[d] recovers the usual smooth form of
Serre duality; see [6, Tag OFVV]. For the right-adjoint formulation, see [5, Section 3.3].

Definition 3.6 (Trace). Under the canonical identification w$ ~ f'k, define the derived trace
morphism to be the counit of the adjunction Rf, 4 f', evaluated at k:

Trx : RT(X,w%) ~ Rf.f'k — k.
Under the adjunction isomorphism
Homp ) (Rf.f'k, k) = Homp o) (f'k, f'k),

the morphism Trx corresponds to idg. Thus this definition agrees with the morphism
corresponding to id,s under (7).

If X is Cohen-Macaulay of pure dimension d, Theorem 5.1 below will give w$ ~ wx|[d].
Under this identification, taking degree-zero cohomology gives

H'RI'(X,w%) ~ H'RI(X,wx[d]) = HY(X,wx),
so HY(Trx) is the classical trace map
try : HY(X,wx) — k.

See [6, Tag 0A9D] and [5, Section 3.3].



4 Cohen—Macaulay local algebra

The concentration of w$ is local. The required commutative algebra is recalled in a form
adapted to the embedding X — P{CV .

Definition 4.1 (Regular sequence and depth). Let (R, m) be a noetherian local ring and let
M be a finite R-module.

A sequence z1,...,x, € m is M-regular if z; is a non-zero-divisor on M/(x1,...,zj—1)M
for every j, and M/(x1,...,2,)M # 0. The depth depthp M is the maximal length of an
M-regular sequence contained in m.

Definition 4.2 (Cohen-Macaulay ring and scheme). A noetherian local ring (R, m) is Cohen—
Macaulay if
depth R = dim R.

A locally noetherian scheme X is Cohen-Macaulay if every local ring Ox ; is Cohen-Macaulay.
It is equidimensional of dimension d if every irreducible component has dimension d.

See [2, Chapter III, Section 6], [1, Chapter 2], and [4, Section 17] for these notions and
their basic properties.

Definition 4.3 (Grade). For a proper ideal I C R, its grade is
grade(I, R) := inf{q > 0 : Ext%,(R/I, R) # 0}.
Equivalently, it is the maximal length of an R-regular sequence contained in I.

The equivalence of the two descriptions is proved in [1, Theorem 1.2.5]. If R is Cohen—

Macaulay, then
grade(l, R) = ht([) 9)

for every proper ideal I; see [4, Theorem 17.4].

Theorem 4.4 (Auslander-Buchsbaum). Let (R, m) be a noetherian local ring and let M be a
nonzero finite R-module of finite projective dimension. Then

pdp(M) + depthr(M) = depth R.
See [2, Chapter III, Proposition 6.12A], [1, Theorem 1.3.3], or [4, Theorem 19.1].

Proposition 4.5 (Ext concentration in a regular ambient ring). Let (R, m) be a regular local
ring of dimension n, let I C R, and put A = R/I. Assume that A is Cohen—Macaulay of
dimension e. Set c=n—e=htI. Then

Exth(A,R) =0 (q # ¢). (10)

Moreover,

wa = Ext3(A4, R)
is a maximal Cohen—Macaulay A-module with Supp 4(wa) = Spec A.

Proof. A regular local ring has finite global dimension n and is Cohen—Macaulay; see [2,
Chapter III, Propositions 6.11A and 6.12A] and [4, Theorems 17.8 and 19.2]. Hence A has
finite projective dimension over R.

Since R is Cohen-Macaulay, dim(R/I) = n — ht I; see [6, Tags 00N9 and 00ONA]. Hence
c=n—e=htl, as asserted.

10



The maximal ideal of A is mA, so
depthp A = depthy A =e

because a sequence in m is A-regular exactly when its image in mA is A-regular, and A is
Cohen—Macaulay. Applying Theorem 4.4 gives

pdrA=n—-e=c.

Therefore Ext%(A, R) = 0 for ¢ > c.
For the lower degrees, the definition of grade and (9) give

inf{q : Ext%,(A, R) # 0} = grade(I,R) = ht I = c.

Thus Ext}(A, R) = 0 for ¢ < ¢, proving (10).

It remains to prove the assertions about the surviving Ext module. Because R is regular
local, it is Gorenstein and R[n] is a normalized dualizing complex for R. For the finite surjection
R — A, finite-map duality gives the normalized dualizing complex

w% := RHompg (4, R[n]) ~ RHompg(A, R)[n]
for A; see [6, Tag 0A7M]. Its cohomology is
H"(w%) = Ext%" (A, R).

By (10), this vanishes unless n +r = ¢ =n — e, or equivalently r = —e, and in that degree it
equals wy = Ext%(A, R). Hence
wh ~ walel.

Since A is Cohen—Macaulay, its dualizing module wy is maximal Cohen—Macaulay; see [6,
Tag 0AWS]. Moreover, the support of a dualizing module is the union of the irreducible
components of maximal dimension. A Cohen—Macaulay local ring is equidimensional, so every
irreducible component of Spec A has dimension e; consequently Supp4(wa) = Spec A4; see [6,
Tag 0AWH]. O

Remark 4.6. The two halves of the proof have different origins. Auslander—Buchsbaum controls
the upper vanishing ¢ > ¢, whereas grade equals height controls the lower vanishing g < c.
Both are needed to obtain concentration in exactly one degree.

5 Concentration of the dualizing complex

Let X — P = PkN be a projective, equidimensional Cohen—Macaulay scheme of dimension d,
and set c= N —d.

Theorem 5.1 (Cohen-Macaulay concentration). For g > 0, the sheaves
5xt%(i*0)(,wp)
vanish for q # c. Define the canonical sheaf intrinsically by
wy = H Y w%). (11)

Then
wk ~ wx|d]. (12)

The sheaf wx is coherent, Cohen—Macaulay, and has support X.

11



Proof. The sheaves &t} (i.Ox,wp) are coherent, and their stalks are computed by local Ext;
see [2, Chapter III, Proposition 6.8]. Because P is universally catenary and X is equidimensional
of dimension d, the closed subscheme X C P has pure codimension ¢ = N — d; see [6, Tags
02JB and 0216].

Now let € X be arbitrary and put

R = Op,, A=0x,=R/I,.
The ring R is regular, A is Cohen—Macaulay, and the pure-codimension statement gives
dim R — dim A = ht(l;) = c.
Using the stalk formula above and the invertibility of wp, we obtain
Exth (i.Ox,wp)e ~ Exth (A, (wp)s) = Exth(A, R) @ (wp)q-

Proposition 4.5 gives vanishing for g # c.
By Definition 3.3 and the exactness of i,

i H" (W) =~ H (i,w0%) ~ ExtN 7 (i,0x, wp).

The only nonzero term occurs when N +r =c¢= N —d, i.e. when r = —d. Thus H"(w%) =0
for r # —d, while H=%(w$%) = wx by (11). The canonical truncation morphism therefore yields
wg ~ wx|d].

Combining the cohomology identity above in degree r = —d with the displayed stalk
calculation identifies (wx ), with the canonical module Ext%(A, R) tensored by the free rank-
one module (wp),. Proposition 4.5 shows that this stalk is maximal Cohen—Macaulay and

has support Spec A. Since z € X was arbitrary, wx is coherent and Cohen—Macaulay and its
support is all of X. See also [6, Tags 0AWT and 0FVZ]. O

Corollary 5.2 (Canonical sheaf as an Ext sheaf). Under the closed immersioni : X < P = P¥ |
the canonical sheaf of the Cohen—Macaulay scheme X satisfies

Ty o Extg_d(i*(’)x,wp).
Thus the canonical sheaf is the Fxt sheaf in the codimension N —d of X in P.
Proof. Theorem 5.1 gives w$ ~ wx|[d], so
H 4 w$) = wyx.

Because i, is exact, taking degree-(—d) cohomology in (8) gives i,wyx on the left. On the right,
the shift convention yields

Hid(R/Homp(i*Ox, wp)[N]) = HNdefHomp(i*Ox, (.«.)p)
= Extg_d(i*(’)x, wp),
which proves the assertion. ]

Corollary 5.3 (Identification with the dualizing sheaf). For every coherent sheaf F on X,
there is a functorial isomorphism

Homy (F,wy) ~ HYX, F)V. (13)

Hence wy is a dualizing sheaf in the sense of [2, Chapter III, Definition preceding Proposition
7.2]. In particular, it is uniquely isomorphic to any dualizing sheaf obtained by the finite-
morphism construction, provided the isomorphism is required to be compatible with the two
representing isomorphisms.
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Proof. Set j = —d in Theorem 3.4. Using w§ ~ wx|[d] gives

Hompy

coh

0 (Frwx) ~ HY(X, F)Y.

Since both arguments are sheaves placed in degree zero, the left-hand side is Hom x (F,wx).
Uniqueness follows from the Yoneda lemma. O

Remark 5.4 (Intrinsic meaning of Cohen—-Macaulayness). For a locally noetherian scheme car-
rying a dualizing complex, Cohen—Macaulayness is equivalent to the local concentration of that
complex in a single degree; see [6, Tag 0AWT]. Theorem 5.1 is the projective, equidimensional
form of this criterion, with the unique nonzero degree fixed to be —d.

6 Serre duality and the canonical pairing

Theorem 6.1 (Serre duality for Cohen—-Macaulay schemes). Let X be a projective, equidimen-
stonal Cohen—Macaulay scheme of dimension d over a field k, and let wx be a dualizing sheaf
on X. Then, for every coherent sheaf F and every i > 0, there is a functorial isomorphism

0% : Extl (F,wyx) — HIY(X, F)V. (14)

Here H1(X, F) is understood to be zero for ¢ < 0. For 0 <i < d, the isomorphism is induced
by the Yoneda—trace pairing

Exth (F,wx) x H&H(X, F) — HY(X,wx) 25 &, (15)
and this pairing is perfect. For i > d, both vector spaces in (14) vanish.

This is the implication (i) = (4i7) in [2, Chapter III, Theorem 7.6(b)]. Hartshorne assumes
that k is algebraically closed; the argument below works over an arbitrary field. A formulation
in terms of dualizing complexes appears in [6, Tag 0FVZ].

Proof of Theorem 6.1. Let
W = H Y w).

Theorem 5.1 and Corollary 5.3 show that w¢" is a dualizing sheaf. Since dualizing sheaves are
unique up to a unique isomorphism compatlble with their representing properties, there is a
canonical isomorphism w@" ~ wx. We use this identification below.

For a coherent sheaf F and ¢ > 0, Proposition 2.3, Theorem 5.1, and Theorem 3.4 give

Ext’ (F,wx) ~ Home x)(F wx[i])
NHOInDb (JT wk i —d])
~ H Z(X,f) :

The construction is functorial in F.
Assume first that 0 <3 < d. Let

o € Extly (F,wx), A€ H (X, F)~Extt(Ox, F).
Using Proposition 2.3, represent these classes by morphisms in the derived category
B:0x — Fld—1], a: F — wxli].
After shifting « by d — i, their composite is

Ox 25 Fla—q 2 L.

13



It represents their Yoneda product
aof € Exté(Ox,wx) = HY(X,wy).

The duality isomorphism is induced by the adjunction counit, which is the trace map of
Definition 3.6. Naturality of adjunction therefore sends « precisely to the functional

b —> trX(a o f).

This identifies (14) with the pairing (15).

If i > d, then d —i < 0, so H%(X, F) = 0. The duality isomorphism already proved in
(14) therefore also gives Ext’ (F,wx) = 0. This explains why no negative ordinary Ext group
is needed in the argument.

For 0 < i < d, the group HY¥(X, F) is finite-dimensional because X is projective and F is
coherent [2, Chapter II1, Theorem 5.2]; for i > d it is zero. Hence (14) also makes Ext’ (F,wx)
finite-dimensional. An isomorphism from the first space to the dual of the second therefore
induces an isomorphism from the second space to the dual of the first. The pairing is perfect
in both variables. O

Corollary 6.2 (Classical vector-bundle form). Let £ be a vector bundle on X. For every
0 < i < d, there is a functorial isomorphism

H{(X, Y ®@wx)~ H{(X,&E).
Equivalently, the cup-product and trace define a perfect pairing
Hi{(X, ¥ @wx) x H7(X,E) — HY (X, wx) 25 k.
Proof. Since & is locally free,
RHomx (&, wx) ~ &Y @ wx.

Consequently . '
Exty (&, wy) ~ H(X,EY @ wy).

Apply Theorem 6.1. Compare [2, Chapter III, Corollary 7.7]. O

Remark 6.3 (Agreement with Hartshorne’s maps). The calculation in the proof shows directly
that 0% sends a class a to the functional

f—trx(aof).

This is precisely the natural transformation constructed from the trace pairing in [2, Chapter
ITI, Theorem 7.6]; hence the derived isomorphisms agree with Hartshorne’s maps.

Remark 6.4 (Classical and derived proofs). Hartshorne derives the theorem by two steps: the
Cohen—Macaulay condition produces cohomological vanishing for sufficiently negative twists,
and that vanishing proves effaceability of the relevant J-functor. The derived proof packages
the same local algebra into the statement w$ ~ wx|[d]. Once this concentration is known, all
degrees of duality follow simultaneously from one adjunction. See [2, Chapter III, proof of
Theorem 7.6].
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7 Local complete intersections

The Cohen—Macaulay hypothesis determines the amplitude of the dualizing complex but does
not usually identify the sheaf wx explicitly. A local complete intersection admits an explicit
calculation because its structure sheaf has a Koszul resolution.

Definition 7.1 (Regular immersion and local complete intersection). Let ¢ : X < Y be a
closed immersion of locally noetherian schemes, with ideal sheaf Z. The immersion is regular of
pure codimension c if, locally on Y near every point of X, the ideal Z is generated by a regular
sequence of length c. In this case Z/Z? is locally free of rank c; it is the conormal bundle, and

Nxy = (Z/1%)"

is the normal bundle.
A locally noetherian k-scheme X is a local complete intersection over k if every point has
an open neighbourhood that admits a regular closed immersion into a smooth k-scheme.

See [2, Chapter II, Section 8] and [6, Tags 0638 and 067M].

Proposition 7.2 (Koszul resolution). Let R be a ring and let fi,...,f. be an R-regular
sequence. Put I = (f1,...,f.), A= R/I, and let F = R with basis e1,...,e.. Give the Koszul
complex the differential determined by e; — f;. Then

c 1
K(fi,....f): 0> AN\F—---= ANF—-R—0
is a finite free resolution of A. Consequently, for ¢ >0,
Exth(A,R) =0 (q# c), Ext%(A, R) ~ deta(I/I?)". (16)

Proof. Exactness of the Koszul complex for a regular sequence is proved in [2, Chapter III,
Proposition 7.10A]; see also [1, Section 1.6]. Applying Hompg(—, R) to the resolution gives the
dual Koszul complex, which is exact away from its final cohomology. Its only cohomology is in
degree ¢, where it is

C
A®R/\Fv.
The canonical map
A@QrF — I/I?, ej — f; mod I2,

is an isomorphism because fi,..., f. is a regular sequence. Taking its top exterior power and
dualizing yields (16). O

Remark 7.3 (Canonicity of the determinant factor). The isomorphism in (16) is independent
of the chosen regular sequence. Indeed, two local regular generating sequences determine
two bases of the locally free A-module I/I?. On an overlap these bases differ by a matrix
M € GL.(A). The top exterior generators differ by det(M) and their duals by det(M)~!,
exactly as prescribed by the transition functions of det4(I/I?)Y. Hence the local isomorphisms
are canonical and glue.

Theorem 7.4 (Adjunction formula for a local complete intersection). Leti: X < P =P be a
reqular closed immersion of pure codimension c, with ideal sheaf L. Then X is Cohen—Macaulay
of pure dimension d = N — ¢, and

wx ~ wp|x ® det(Z/I%)" ~ wp|x ® det(Ny,p). (17)
Since wp =~ det(Qpyy,), this is equivalently
wx ~ det(Qpyx|x) ® det(Z/I%). (18)
FEquivalently,
iwp ~ wp|x ® det(Nx,p)[—d. (19)
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Proof. At every x € X, the regular local ring Op, surjects onto Ox , with kernel generated
by a regular sequence of length c¢. A quotient of a regular local ring by a regular sequence is
Cohen—Macaulay of the expected dimension; see [2, Chapter II, Theorem 8.21A(a), (c), and
(d)] or [1, Theorem 2.1.3]. Hence X is Cohen—Macaulay of pure dimension N — ¢, and Theorem
5.1 applies.

Corollary 5.2, Proposition 7.2, and the local freeness of wp give

i*wX >~ Sxtcp(i*(’)x,wp)
~ i (wp|x @ det(Z/7%)").

The second isomorphism is computed locally by the Koszul resolution, and the change-of-
generators calculation above shows that these local isomorphisms glue. Since pushforward
along a closed immersion is fully faithful, this proves (17).

For the derived formula, the closed-immersion adjunction gives

i*i!wp =~ R?'lomp(i*(f)x,wp)
~ i, (wp|X ® det(NX/p)> [—d.

Indeed, the Koszul calculation shows that the derived Hom on the first line has only one
nonzero cohomology sheaf, in degree c. With our convention K[m|" = K™*" a complex whose
sole cohomology sheaf is E in degree c is isomorphic to F[—c]|. Full faithfulness of i, now gives
(19).

The sheaf formula (17) is [2, Chapter III, Theorem 7.11]; for the exceptional inverse-image
formula (19), see [6, Tag 0BRO]. O

Corollary 7.5 (Gorenstein property). Fvery local complete intersection scheme over k is
Gorenstein. In the projective situation of Theorem 7.4, its dualizing sheaf is therefore invertible.

Proof. At a point of a local complete intersection over k, choose a regular closed immersion into
a smooth k-scheme. The ambient local ring is regular, and the local ring of X is its quotient by
a regular sequence. It is Cohen—Macaulay, and Proposition 7.2 identifies its canonical module
with the determinant of the dual conormal module, which is free of rank one. Hence the local
ring is Gorenstein. In the projective setting, Formula (17) expresses wx as a tensor product of
invertible sheaves. See [2, Chapter III, Theorem 7.11] and [6, Tag 0BVA]. O

Example 7.6 (Hypersurfaces). Let X C P,ZCV be a hypersurface defined by a homogeneous
polynomial of degree m. Then X is an effective Cartier divisor, so it is a local complete
intersection of codimension one, and

T/T? ~ Ox(—m).
Since wpy =~ (’)PkN(—N — 1), the adjunction formula gives
wx 2O0x(—N—-1)®@Ox(m) ~Ox(m—N —1).

For example, a plane curve of degree m has wx ~ Ox(m — 3).

8 The smooth case

Let X be a smooth and projective k-scheme of pure dimension d. Choose a closed immersion
i: X =< P = P,ZCV . Since X and P are smooth over k, ¢ is a regular immersion of pure
codimension ¢ = N — d; see [2, Chapter II, Theorem 8.17] and [6, Tag OH1G]. We write

d
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Proposition 8.1 (Conormal sequence). There is a short exact sequence of vector bundles on
X

Proof. The conormal sequence is always right exact. For a regular immersion into a smooth
scheme with smooth source, the left-hand map is injective and all three terms are locally free.
See [2, Chapter II, Proposition 8.12 and Theorem 8.17] or [6, Tag 06BB]. O

Theorem 8.2 (Canonical sheaf of a smooth projective scheme). For a smooth projective
k-scheme X of pure dimension d,

wx =~ det(Qx/x) = ng/k. (21)
Consequently, for every vector bundle £ and every 0 < i < d, cup product, evaluation, and trace
define a perfect pairing

H(X,EY Q%)) x HIT(X,8) — HYX, 9% 1) =5 k.
Proof. Taking determinants in (20) gives
det(Qp /x| x) ~ det(Z/Z%) ® det(Qx /).

Since det(Qp/)) ~ wp, Theorem 7.4 yields

wx ~ wp|x @ det(Z/T%)V

~ det(QX/k).

The pairing is Corollary 6.2 under this identification. Compare [2, Chapter III, Corollary 7.12]
and [6, Tag OFVV]. O
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